Abstract
Introduction
This model can be represented by the following nonhomogeneous linear system of ordinary differential equations 
R p (t) = k r R c (t) − k i R p (t) + σ i synthesis .
Over-dots denote time derivatives. Steady state trafficking of CTLA4 is characterised by R c,ss = σ i δ c , R p,ss = σ i (k r + δ c ) k i δ c , R p,ss R c,ss
To recapitulate the experimental observation that CTLA4 molecules are mostly located in the cytoplasm, the model 92 has to satisfy the condition k i > k r + δ c (see equation (2)). Despite the dependence of steady state CTLA4 numbers 93 on the rate of protein synthesis, the ratio of surface to cytoplasmic CTLA4 is synthesis-independent. Further, the 94 steady state absolute number of the cytoplasmic CTLA4 molecules is independent of the rates of internalization and 95 recycling.
96

CTLA4 staining
97
CTLA4 staining is based on the approach of staining surface CTLA4 with specific fluorescent antibodies. By this 98 method, all surface molecules present on the plasma membrane are labeled at a particular time point. Subsequently,
99
trafficking of CTLA4 is controlled by changes in the temperature of the culture. This basic principle was used with 100 various protocols to monitor internalization and recycling of CTLA4 molecules (see subsequent result sections).
101
The general mathematical model for the dynamics of CTLA4 staining is described in Materials and methods (see 
R * p (t) = k r R c (t) − k i R * p (t) + k r R * c (t) + σ i ,
where R * p and R * c are the numbers of labeled CTLA4 molecules on the cell surface and in the cytoplasm, respectively.
115
Note that there is no equation for unlabeled surface CTLA4 R p (t), because all free surface CTLA4 molecules are labeled 116 instantly when exposed to staining antibodies in the medium (assumption B). Before starting the staining experiment, 117 the number of CTLA4 molecules is assumed at equilibrium given in equation (2). During the staining process at 37 • C,
118
the unlabeled pool of cytosolic CTLA4 molecules becomes exhausted with a half-life of t 1/2 = ln(2)/(k r + δ c ) ≈ 27 119 minutes (see equation (17a)). Therefore, the rates of recycling and degradation dictate the duration of the staining 120 process required to label the majority of the cellular CTLA4 molecules.
121
In experiments with time-limited staining followed by removal of excess antibodies, recycled and newly synthesized 
The kinetics of different pools of CTLA4 molecules during persistent staining is shown in Figure 2 . Due to 125 instant labeling of surface and newly synthesized CTLA4 molecules as well as continued exocytosis, the amount of 126 labeled CTLA4 molecules on the cell surface starts and remains at its equilibrium value. Unlabeled cytoplasmic CTLA4 127 molecules become exhausted over time since no free CTLA4 molecules can be found on the plasma membrane. The 128 number of the labeled CTLA4 molecules saturates when the cytoplasmic unlabeled CTLA4 molecules are exhausted.
In the model, the amount of surface CTLA4 molecules before starting the staining process is known from the steady recycled unlabeled CTLA4 molecules replace the labeled pool over time.
143
An in silico internalization experiment with an additional blocking of CTLA4 synthesis (σ i = 0) shows that unlabeled
144
CTLA4 molecules on the plasma membrane are cleared only after a transient recovery to 72% of its pre-experiment
145
(normal steady state) value (see Figure 3C ). This recovery results from the recycling of the cytoplasmic CTLA4,
146
and suggests that, when CTLA4 synthesis is suppressed, the large amount of CTLA4 stored in the cytoplasm can 147 temporarily compensate the loss of surface CTLA4 expression. synthesis is important for maintaining the homeostatic number of CTLA4 molecules.
162
Next, we asked how important internalization would be for CTLA4 surface expression. In an in silico experiment,
163
in which the block of CTLA4 synthesis is complemented with a complete depletion of the cytoplasmic CTLA4 (by 164 forcing a zero initial value) or with a complete block of recycling (k r = 0), the surface CTLA4 molecules clears within 165 a few minutes in comparison to 2 hours under normal conditions (see Figure 4B ). This suggests that recycling is 166 essential for the stability of surface CTLA4 expression.
167
To quantify the impact of lysosomal degradation on CTLA4 quantified by flow cytometry (see Figure 5A ) [28] .
173
To reconstruct this experiment in silico, we used the staining model in equation (3) or presence of the lysosomal inhibitor, respectively. This increase is due to the constant synthesis of CTLA4.
183
In an in silico experiment, in which the lysosomal degradation is blocked (δ l = 0) for 3 hours, the number of degradation (δ c ), the fraction of the total CTLA4 molecules that appears on the cell surface reduces.
187
These results suggest that the lysosomal degradation of CTLA4 is a fast process, regulates the homeostatic 188 number of CTLA4 molecules, and, when blocked, shifts the steady state subcellular distribution of CTLA4 towards 189 the cytoplasm.
190
CTLA4 recycling
191
To quantify CTLA4 recycling, we used a two-step staining experiment. Two steps were required to label a subset of
192
CTLA4 molecules that were, at least once, on the plasma membrane, and then to detect a subset of these molecules of the labeled subset of recycled CTLA4. Experimental data are shown in Figure 6A [28].
201
The corresponding in silico experiment encapsulates the two staining steps. At first, the amount of green-labeled
202
CTLA4 molecules stained on the cell surface and subsequently internalized within 60 minutes is calculated from the 203 staining model in equation (3) . During the CTLA4 block on ice, we assumed that all green-labeled molecules on the cell 204 surface are blocked (denoted by green-blocked in Figure 6B ), and undergo natural trafficking at normal temperature.
205
In the model, application of the red secondary antibody labels only those CTLA4 molecules that recycle back from the 206 cytosol and do not belong to the blocked subset. This defines a green-red labeled pool of molecules.
207
The recycling model is described in 
218
In an in silico recycling experiment, in which the CTLA4 degradation is blocked (δ c = 0) in the second staining 219 step, the clearing of the cytoplasmic green-labeled (not blocked) CTLA4 is only affected by the recycling process with 220 a half-life of ≈32 minutes (see Figure 6C ).
221
These results suggest that recycling of the cytoplasmic CTLA4 occurs very fast, but significantly slower than 222 internalization (t 1/2 = 2.38 minutes, see Figure 4B ).
223
Estimating the rate of protein synthesis 224 The rate of protein synthesis could not be determined because the models were based on relative counts independent 225 of the CTLA4 synthesis rate. From the model in Figure 1A we know that CTLA4 synthesis is related to absolute The ratio of surface to cytoplasmic CTLA4 in steady state condition, given in equation (2) to its original value after a sufficiently long time. Figure 7A shows how a sharp change in the rate of protein synthesis 237 transiently deviates the subcellular distribution. A smooth change in the rate of protein synthesis has less impact on 238 the distribution of CTLA4 molecules ( Figure 7B ).
239
These results suggest that the subcellular distribution of CTLA4 can be transiently shifted towards the cell surface 240 by upregulation of CTLA4 synthesis.
241
Amount of degraded CTLA4:antibody complex
242
The CTLA4 staining model in equation (3) denoted by D(t), can be obtained from the CTLA4 staining model in equation (3) 254
After a sufficiently long exposure to antibodies, the exponential term in D(T ) converges to zero and the amount 255 of degraded antibodies becomes linear with respect to time T . According to the estimated parameters of CTLA4 256 trafficking, it takes 4.5 hours to degrade an amount of antibodies equal to the total amount of CTLA4 molecules (see 257 Figure 8A ).
258
The rate of antibody removal from the medium to the cytoplasm, in addition to the rate of internalization, also 259 depends on the flow of free CTLA4 molecules to the cell surface (F cs ), which is provided by CTLA4 synthesis and 260 recycling of the cytoplasmic free CTLA4 molecules
Upon exposure to antibodies, the free cytoplasmic pool of CTLA4 molecules clears over time (R c (t) → 0) and 262 reduces by 98% within 2.5 hours (see Figure 2) . Consequently, the flow of free CTLA4 molecules to the cell surface 263 is reduced and limited to the newly synthesized CTLA4 molecules (F cs (t) → σ i ) (see Figure 8B ).
264
These results suggest that the rate of antibody passage from the medium into the cytoplasm is highest at the time 265 of exposure to the antibody when there are still many free CTLA4 molecules in the cytoplasm, whereas the frequency 266 of antibody degradation per time (δ c R * c (t)) increases when the free CTLA4 molecules in the cytoplasm get exhausted.
267
The impact of binding affinity on ligand uptake
268
To investigate the uptake kinetics of physiological ligands of CTLA4, namely natural and drug ligands, we employed a 269 ligand uptake model that explicitly considers CTLA4:ligand binding reactions. We relaxed the previous assumption in 270 the staining model (equation (3)) that ligands are abundantly available in the extracellular environment (assumption 271 A). It is assumed that modeled ligands react with surface CTLA4 with constant on-rate (k on ) and off-rate (k off ). The 272 complexes can be internalized and degraded by the rate of CTLA4 internalization (k i ) and degradation (δ c ), respectively.
273
Free modeled ligands appear in the cytoplasm via unbinding of the cytoplasmic complexes to the reactants with the 274 rate k off . We assumed that free ligands cannot bind again to free CTLA4 in the cytoplasm, before they are degraded 275 by a rate equal to the rate of CTLA4 degradation. Since free ligands in the cytoplasm do not interact with other
276
trafficking molecules in the model, the absolute value of their degradation rate does not impact onto extracellular 277 ligand uptake. For simplicity, we assumed the same rate as for the degradation of CTLA4:ligand complexes.
278
After unbinding, free CTLA4 molecules directly join other cytoplasmic free CTLA4 molecules (CTLA4 recovery),
279
which subsequently can be recycled or degraded. The model is schematically depicted in Figure 9 and reads: This gives V γ = 10 −9 Liters/cell.
284
To investigate the role of ligand binding affinities in the kinetics of ligand uptake, equation (7) is solved numerically 285 for ligands with different on-rates (fixed off-rates) or off-rates (fixed on-rates). The time at which half of the initial 286 extracellular ligand concentration was depleted is monitored for different initial ligand concentrations (see Figure 10A- 
B).
These results indicate how fast modeled ligands can be depleted from the extracellular environment via CTLA4 288 trafficking.
289
According to Figure 10A , the uptake of the extracellular ligands with higher on-rates (higher affinities) is faster. In inefficient ligand uptake. We conclude that ligand removal from the medium is monotonic in dependence on on-rates 295 but exhibits a maximum in dependence on off-rates.
296
To evaluate the capacity of modeled ligands to occupy free CTLA4 molecules on the plasma membrane and in the 297 cytoplasm, the maximum reduction of free CTLA4 is obtained during the process of ligand uptake (see Figure 10C- 
D).
The degree of CTLA4 occupancy on the plasma membrane depends on both, extracellular ligand concentration 299 and ligand binding affinity (see Figure 10C ). In the cytoplasm, it only depends on the ligand binding affinity when 300 sufficient extracellular ligands are provided (see Figure 10D ). (Figure 12) , which may balance the more efficient binding within synapses to some degree.
399
The presented and experimentally validated modeling framework provides new insights into the control of immune Scientific] for 15 minutes on ice before being washed in media and permeabilised with 0.1% (v/v) saponin in media.
434
The cells were then stained in an identical manner to the beads and ran through BD LSRFortessa flow cytometer using is assumed to be the only pathway by which labeling antibodies could enter the cell cytoplasm from the extracellular 449 environment. Given these assumptions, the CTLA4 staining model can be described by the following set of ODEs
The nonlinearity of this model arises from the forward reaction of extracellular and intracellular CTLA4 labeling.
451
Reduction of the CTLA4 staining model 452 We use the following assumptions to reduce the staining model of the surface CTLA4 molecules (R p (t)) is at quasi steady state. By settingṘ p (t) = 0 in equation (8c), we have
Since the cytoplasmic staining antibody L c (t) appears during the unbinding process of internalized labeled CTLA4
457
(R * c (t)), its value at the starting time of the labeling process (L c,0 ) is zero. Then, by employing assumption (C), we
Next, we substitute (9) and (11) in (8b),
According to assumptions (A) and
equation (12) can be approximated to zero, and equation (12) can be simplified to
Next, we evaluate equation (8d) according to equations (9) and (11) and assumptions (C) and (D),
From assumptions (A) and 
Finally, we evaluate (8e) according to (9), (11) and assumptions (C) and (D), and obtain
The reduced model is given in equation (3), and is shown schematically in Figure 1 .
468
With initial conditions R c,0 = R c,ss , R * p,0 = R p,ss (see equation (2)) and R * c,0 = 0, the solution of the model (3) is
470
CTLA4 internalization model
471
The theoretical amount of initially labeled CTLA4 molecules on the cell surface (R * p,0 ) is the same as equation (2), i.e.
472
R * p,0 = R p,ss . After washing, the kinetics of labeled CTLA4 molecules on the plasma membrane follows equation (4).
473
From the ODEs in (3c) and (4), the number of labeled CTLA4 molecules can be obtained as
where λ 1,2 belongs to the set of eigenvalues of the CTLA4 staining model (3),
For biologically relevant parameters (with positive values), λ 1,2 are negative.
476
For the purpose of parameters estimation, the fraction Y int of initially labeled CTLA4 molecules that remained on 477 or recycled to the cell surface is of interest (see Figure 3A) , which is equivalent to
where S int is an unknown scaling factor that allows estimation of the initial data point, and is fitted during parameters 
483
With these initial conditions, the CTLA4 levels in the presence of CHX vary according to the following functions
where
are the constant coefficients and λ 1,2 are given in equation (19).
486
The theoretical value that corresponds to the experimental measurement is
Note that in equation (24), the rate of protein synthesis (σ i ) does not appear.
488
Block of lysosomal degradation
489
From the solution of the CTLA4 staining model (3) given in equation (17), we obtain the amount of labeled CTLA4 
are the constant coefficients and the values for λ 1,2 have the same form as in equation (19), but with different rates of 495 cytoplasmic degradation (δ c ) reflecting the different experimental condition; in the presence of NH 4 Cl in the medium,
496
we have δ c = δ n whereas in the control experiment δ c = δ l + δ n holds. 
.
Note that in these observers, the rate of lysosomal degradation is different.
500
CTLA4 recycling model
501
Following the recycling experiment, the corresponding model is constructed in two steps. This model is illustrated 502 schematically in Figure 14A -B. During the first step of staining with green primary antibodies, a subset of CTLA4 
The dynamics of unlabeled CTLA4 molecules is the same as in model (1). The submodel consisting of equations
515
(29a) and (29b) is equivalent to the internalization experiment, and the submodel consisting of equations (29c-e) is 516 equivalent to the homogeneous version of the staining model (3) . The solution of model (29) with the given initial 517 conditions is the following
k r
where λ 1,2,3 are are the eigenvalues of staining model (3) . The values for λ 1,2 are given in equation (19) and 519 λ 3 = −(k r + δ c ).
520
All the green-and red-labeled CTLA4 molecules were quantified by confocal microscopy. Note that by confocal 521 microscopy, only a focus plane is visible, and only a fraction of CTLA4 molecules is observable. Therefore, this fraction 522 has to be considered in the theoretical values. In general, by considering a visible area A vis and a visible volume V vis of a 523 spherical cell with area A and volume V , the following fractions of labeled CTLA4 molecules on the plasma membrane
524
(R * p (t)) and in the cytoplasm (R * c (t)) can be observed:
where R is the radius of the spherical cell, z s is the thickness of the cell slice that is visible by the confocal microscopy 526 and R s = R 2 − z 2 s /4 is the radius of top focal plane (see Figure 14C) . Theoretical numbers of green-and red-labeled 527 CTLA4 molecules that are visible by confocal microscopy, denoted by G(t) and R(t) respectively, are
These theoretical values are assumed to be proportional to the measured MFI values. For parameter estimation, the 529 same type of normalization as applied to the experimental data has to be considered for the theoretical values. These normalizations are
Note that in (35), the theoretical and experimental values for t = 0 are equal to 1. Therefore, normalization imposes 532 a zero estimation error for the initial data point of the green-labeled pool. To avoid this, we impose a scaling factor S rc 533 which allows an estimation of the initial data point. Furthermore, nonzero value of red fluorescent intensity in Figure   534 6A at t = 0 indicates a delay between the starting time of the recycling process and the measurement. Therefore, we 535 define a shifting time (∆t rc ) in the model. With these considerations, the theoretical value for the green fluorescent 536 measurement to be used for parameter estimation reads
Since we considered the time shift in the experimental values and the red fluorescent measurements are normalized 538 to the maximum value but not to the initial data point, the theoretical value (35) does not need any modification and 539 is suitable for parameter estimation. Note that in equations (36) and (37), the rate of protein synthesis (σ i ) does not 540 appear. The fitting result is shown in Figure 6A .
541
Parameter estimation
542
The ligand-independent CTLA4 trafficking model in its simplest form in equation (1) has 5 unknown parameters.
543
There are 5 additional parameters that are concerned with the types of experimental protocols, and aimed to handle 544 uncertainties. The list of parameters and associated dimensions are given in Table 1 . In order to find an optimal 545 parameters set that fits the modeling results to the experimental observations, the following cost (objective) function
where Y kl is the observed value from k-th experiment at time t = t l and Y k (θ ,t l ) is corresponding theoretical value
548
(observer) obtained from the model with parameter set θ . d k is the number of data points in k-th experiment, Y k,max 549 is the maximum observed experimental value in k-th experiment, and m is the number of independent experiments.
550
We used a differential evolution algorithm to minimize the cost function in equation (38 This is a simplified model of a more complex staining model described in Materials and Methods and shown in figure 13. Table 1 ). (B) In silico prediction of different CTLA4 pools for blocked lysosomal degradation and (C) normal condition. 
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